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Abstract. A general form of the Lions-Magenes theorems on solvability of an elliptic 
boundary- value problem in the spaces of nonregular distributions is proved. We find a general 
condition on the space of right-hand sides of the elliptic equation under which the operator of 
the problem is bounded and has a finite index on the corresponding couple of Hilbert spaces. 
Extensive classes of the spaces satisfying this condition are constructed. They contain the 
spaces used by Lions and Magenes. 



<^ ■ 1. Introduction and statement of the problem 

Let Q be a bounded domain in the Euclidean space R n , n > 2, with the boundary T which 
is an infinitely smooth closed manifold of the dimension n — 1. The domain f2 is situated 
locally on the same side from T. 

We consider the nonhomogeneous boundary-value problem in the domain f2: 



Au = f in Q, BjU = g,j on T for j = 1, . . . , q. 



In what follows A is a linear differential expression on f2 of an arbitrary even order 2q > 2, 
l/^ ■ whereas Bj with j = 1, . . . , q is a boundary linear differential expression on T of order 

^ . rrij < 2q — 1. All coefficients of A and Bj are complex- valued functions infinitely smooth 
on Q := Q U T and on T respectively. 

Everywhere in this paper the boundary- value problem (1) is assumed to be regular elliptic. 
This means [1, Ch. 2, Sec. 5.1] that the expression A is properly elliptic on fl and the col- 
lection of boundary expressions B := (£>i, . . . , B q ) is normal and satisfies the complementing 
condition with respect to A on T. It follows from the condition of normality that all orders 
rrij with j = 1, . . . , q are mutually distinct. 

Along with (1) we consider the boundary- value problem 

(2) A + v = to in Q, B^~ v = hj on T, j — l,...,q, 

formally adjoint to the problem (1) with respect to the Green formula 

(Au,v) n + ( B iU, C»r = K A+v) a + ^ (C>, Bfv) r , u,v e C°°(n). 

Here, A + is the linear differential expression formally adjoint to A and having the order 2q 
and coefficients from C°°( Q ). In addition, {B^}, {Cj}, and {Cj~} are certain normal systems 
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of linear differential boundary expression with coefficients from C°°(r). They orders satisfy 
the condition: 

ord Bj + ord C+ = ord Cj + ord B+ = 2q - 1. 

In what follows we denote by (•, -)n and (•, -)r the inner products in the spaces L 2 (Q) and 
L 2 (T) (formed by functions square-integrable over ft or T respectively) and natural extensions 
by continuity of these inner products. 

We set 

N := {u G C°°(ft) : Au = in ft, B jU = on T V j = 1, . . . , q}, 

N + := {v G C°°(ft) : A + w = in ft, B+v = on T V j = l,...,q}. 

Since both the problem (1) and (2) are regular elliptic, both the spaces N and N + are finite- 
dimensional [1, Ch. 2, Theorem 5.3]. 

The fundamental property of every elliptic boundary-value problem consists in that the 
problem generates the bounded and Fredholm operator on appropriate couples of functional 
spaces. Note that a linear bounded operator T : E\ — » E 2 , with E\ and E 2 being Banach 
spaces, is called the Fredholm operator if its kernel kerT and co-kernel cokerT := E 2 /T(E 1 ) 
are both finite-dimensional. The Fredholm operator T has the closed range in the space 
E 2 and the finite index indT := kerT — cokerT. This operator naturally generates the 
homeomorphism T : Ei/kerT <-> T(E 1 ). 

Let us formulate the classical theorem on elliptic boundary- value problems (see, e.g. [1, 
Ch. 2, Sec. 5.4], [2, Ch. 3, Sec. 6]). In this paper, we restrict ourselves to the Hilbert spaces 
case, which is the most important for applications. 

Theorem 0. The mapping 

(3) u^(Au,Bu), MGC°°(ft), 

can be extended by continuity to the bounded and Fredholm operator 

(4) (A, B) : H s+2q (VL) -> iT(ft) © #3+23-^-1/2^ =; n ^ r ^ 

j'=i 

for every real s > 0. The kernel of this operator coincides with N, whereas the range consists 
of all vectors (f,gi,..., g q ) G 7i s (ft, V) satisfying the condition 

(5) (f,v)si + ^2(gj,C+v) r = for every veN + . 

3=1 

The index of the operator (4) is equal to dimiV — dim and independent of s. 

In what follows if CT (ft) and iT^r) are Hilbert spaces with the index a G K consisting of 
some distributions given in the domain ft or on the manifold V respectively (we will remind 
their definitions in Sec. 2). In addition, as usual D'(ft) and V(T) stand for the linear 
topological spaces of all distributions given in ft or on T. We always interpret distributions 
as antilinear functionals. 

Theorem has a generic nature because the spaces in which the operator (4) acts are 
common for all elliptic boundary-value problems of the same order. By this theorem, the 
operator (A, B) establishes the homeomorphism of the factor space H s+2q (Q)/N onto the 
subspace 

{(f,gi,...,g q )eH s (n,T): (5) is true} 
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for each s > 0. Therefore the theorems on operators generated by elliptic boundary- value 
problems are called the theorems on homeomorphisms. 

Generally, Theorem is not true in the case s < because the mapping u h- > BjU with 
u G C°°(Q) can not be extended to the bounded operator Bj : H s+2q (tt) -> V'(V) if s + 2q < 
rrij + 1/2. Therefore we have to use the space narrower than H s+2q (fl) as the domain of 
(A, B), namely 

(6) D s +* q (Q) := {u G H s+2q (n) : Au G X s (fi)}, 

where X s (Q) is a Hilbert space imbedded continuously in V{VL). In what follows the image 
Au of u G X>'(J1) is understood in the theory of distributions. We endow the space (6) with 
the graphics inner product 

(7) ( u i, u 2)D s +%>(n) := ( u i> u 2)j?»+29(n) + (Aui,Au 2 )x°(n) 

and the corresponding norm. 

The space D s /x q (n) with the inner product (7) is complete. Indeed, if (uk) is a Cauchy 
sequence in D s A + ^ q (Q), then by a completeness of H s+2q (Q) and X S (Q) there are two limits: 
u := limuk in H s+2q {Q) ^ V'{9) and / := \im Au k in X s (fi) V'{Q) (imbeddings are 
continuous). Since the differential operator A is continuous in V{VL), we deduce from the 
first limit that Au = limAu^ in This implies by the second limit the equality Au = 

f G X s (fi). Therefore u G D s ^ q (Q) and limw fc = u in the space D s ^ q (^l), that is this space 
is complete. 

J.-L. Lions and E. Magenes [3, 4, 5, 1] found the certain important examples of X S (Q) such 
that the mapping (3) can be extended by continuity to the bounded and Fredholm operator 

<? 

(8) (A, B) : D s + 2 x q {£l) -> X S (Q) © H^ 2 ^- 1 ' 2 ^) =: X S {Q, V) 

3=1 

if s < 0. In contrast to Theorem 0, the domain of the operator (8) with the topology 
depends on coefficients of the elliptic expression A. Therefore the theorems on properties 
of the operator (8) naturally can be termed the individual theorems. Let us formulate two 
individual theorems proved by Lions and Magenes. 

Theorem LMi [3, 4]. Let s < and X S (Q) := L 2 (f2). Then the mapping (3) can be extended 
by continuity to the bounded and Fredholm operator (8) . The kernel of this operator coincides 
with N, whereas the domain consists of all vectors (f,g 1 ,...,g q ) G X S (Q,T) satisfying (5). 
The index of the operator (8) is dimiV — dim iV + and independent of s. 

Here, we especially note the case s = —2q, which is important in the spectral theory of 
elliptic operators [6, 7, 8, 9]. In this case the space 

(9) D° AM {Q) = {u G L 2 (Q) : Au G L 2 (Q)} 

is the domain of the maximal operator corresponding to the differential expression A [10, 
Sec. 1.2]. Even when all coefficients of A are constant, the space (9) depends essentially 
on each of them. We can see it from the following result of L. Hormander [10, Sec. 3.1, 
Theorem 3.1]. 

Let both A\ and A 2 be constant-coefficient linear differential expressions. If ^(Q) C 
D° A 2 L<2 (Q) , then either A 2 = aA 1 + (3 for some a, /3 G C, or both A l and A 2 are certain 
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polynomials in the derivation operator with respect to a vector e and moreover ordA 2 < 
ordAx. Note that the second possibility is excluded for elliptic operators. 

To formulate the second Lions-Magenes theorem we need the following weighted space 

qH'{Q) :={f = gy. v G -£P(fi) }, 

where s < 0, and a function g G C°°(fi) is positive. We endow this space with the inner 
product 

(fi, f2) e H*$i) ■= (Q~ 1 fi,Q~ 1 f2)Hs(n) 
and the corresponding norm. The space gH s (Q) is complete and imbedded continuously in 
V'{p). This follows from that the operator of multiplication by g is continuous in D'(fi) and 
establishes the homeomorphism from the complete space fP(fi) onto gH s (Q). 
We consider a weight function g := g± s such that 

(10) gi G C°°(fi), gi > in fi, g±(x) = dist(x, T) in a neighbourhood of T. 

Theorem LM 2 [1, Ch. 2, Sec. 7.3]. Let s < 0, s + 1/2 £ Z, and X s (fi) := p^ s H s (Q). Then 
the assertion of Theorem LM 1 remains true. 

We note that Lions and Magenes used a certain Hilbert space S s (fi) as X s (fi). This space 
coincides (up to equivalence of norms) with the weighted space p± s H s (Q) for each non half- 
integer s < [1, Ch. 2, Sec. 7.1]. Theorem LM 2 also holds true for every half-integer s < if 
we define the space X s (fl) by means of the complex (holomorphic) interpolation, for instance 

(11) X S (Q) := [X 2s (n),L 2 (Q)] 1/2 . 

(See the definition and properties of this interpolation, e.g. in [1, Ch. 1, Sec. 14.1]). 

In this paper, we find a general enough condition on the space X s (fi) under which the 
operator (8) is well defined, bounded, and Fredholm if s < 0. The condition consists in the 
following. 

Condition I s . The set X°°(fi) := X s (fi) n C°°(fi) is dense in X s (fi), and there exists a 
number c > such that 

(12) \\Of\\ H s {Rn) <c\\f\\ X s {n) for each / G X°°(fi). 
Here, Of(x) := f(x) for x G fi, and Of(x) := for x G R n \ fi. 

In (12), we define by if s (R ra ) the Hilbertian Sobolev space with index s and given over M. n . 
Note that if s is smaller, then Condition l s is weaker for the same space X s (fi). 

Both of the spaces X s (fi) := L 2 (fi) and X s (fi) := p^ s H s (il) used by Lions and Magenes 
satisfy Condition I s . 

In this paper, we find all the Hilbertian Sobolev spaces X s (fi) = _£P(fi) for which Con- 
dition l s is fulfilled. In addition, we describe the class of all weights g G C°°(fi) such that 
the weighted space X s (fi) := pH s (Q) satisfies Condition I s . This class contains the weight 
p := p± s as a particular case. Thus, we get some generalizations of the Lions-Magenes theo- 
rems mentioned above to more extensive classes of the Hilbertian spaces X s (fi) of right-hand 
sides of the elliptic equation. 

Note that we generalize the Lions-Magenes theorems staying in classis of distributions given 
in the domain fi. The different theorems on elliptic boundary-value problems were proved 
by Schechter [11], Berezansky, Krein, Roitberg [12], Roitberg [13, 14, 15, 16], Kostarchuk 
and Roitberg [17] (also see the monograph [2, Ch. Ill, Sec. 6] and the survey [18, Sec. 7.9]). 
In these theorems, the solution and/or the right-hand side of the elliptic equation are not 
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distributions in f2. One of such theorems proved by Ya. A. Roitberg will be used in this paper 
(see Proposition 1). 

Ya. A. Roitberg [19, Sec. 2.4] considered a condition on the space X S (Q), which was some- 
what stronger than our Condition l s . He demanded additionally that C°°(Q) C X s (fl). 
Under this stronger condition, Roitberg [19, Sec. 2.4], [15, p. 190] proved the boundedness of 
the operator (8) for all s < 0. Remark that Roitberg's condition does not cover the important 
case where X s (fl) = {0} as well as some weighted spaces X s (fl) = gH s (fl) which we consider. 

We also note that Condition l s is fulfilled for some classis of the Hilbertian Hormander 
spaces [20, Sec. 2.2], [21, Sec. 10.1]. Their applications to elliptic operators and elliptic 
boundary-value problems were studied by V. A. Mikhailets and the author in [22-31] . 

The results of this paper are formulated in Section 2 as Theorems 1, 2, 3, and Corollar- 
ies 1, 2. The main result, Theorem 1, is proved in Section 4, all the rest in Section 5. In 
Section 3, we formulate the auxiliary propositions needed for our proofs. At the end of the 
paper, we give the appendix, in which a useful proposition on weight functions of the form 
g — q\ is established. 

2. Results 

We introduce some necessary function spaces. Let sel. Recall that 

H s {R n ) := {w G S'(R n ) : ||Hlff-(R») := 11(1 + l£| 2 ) s/2 ™(0 IU 2 (R ? ) < oo}. 

Here, <S'(IR n ) is the topological linear space of tempered distributions in R n , whereas w is the 
Fourier transform of w. For a closed set Q CW\ we put 

H s Q (R n ) := {w G H s (R n ) : suppw C Q). 

The space HgiW 1 ) is Hilbert with respect to the inner product in H s (R n ). We are interested 

in the cases where Q G {H, tt, T} with tt := R n \ Q. 

Following [1, Ch. 1, Sec. 12.1], we will define the Hilbert space H S (Q). For arbitrary s > 

we set 

H s (tt) := # s (R n )/#£(R n ) = {w\tt: we H s (R n )}. 
The space H S (Q) is complete with respect to the Hilbertian norm 

IM|if" s (n) : = inf { IMI/pqr") : w ^ H s (R n ), w = u in Q }. 

The set C°°(Q) is dense in H S (Q), each measurable function u over fl being identified with 
the antilinear functional (w, • )s> We denote by Hq(Q) the closure of the linear manifold 

C °°(fi) := {u G C°°(Ti) : suppw C Q} 

in the topology of H S (Q). The space H^(Q) is complete with respect to the inner product in 
H S (Q). 

For arbitrary s < 0, we denote by H S (Q) the Hilbert space antidual to the space Hq S (Q) 
with respect to the inner product in L 2 (fl). Since antilinear functionals from H s (fl) are 
defined uniquely by their values on functions from C^°(Q), we can correctly identify these 
functionals with distributions in f2. It useful to keep in mind that H s (tt) = H-^(R n ) / H^(R n ) 
with equality of norms for every s < [1, Ch. 1, Remark 12.5], and H s (n) = # s (R n )/#i(R n ) 
with equivalence of norms for all non half-integer s < [32, Sec. 4.8.2]. It follows from the 
first equality that C£°(Q) is dense in H S (Q) for every s < [32, Sec. 4.3.2, Theorem 1(b)]. 
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Thus, the Hilbert space H S (Q) is defined for every s 6 1 and imbedded continuously in 
T>'(Q). We have the compact dense imbedding H s+S (£l) H s (£l) if 5 > 0. 

We denote by H S (T) the Hilbertian Sobolev space with the index s G M defined over the 
closed compact manifold T [1, Ch. 1, Sec. 7.3]. The space consists of all distributions on T 
belonging to H s (W n ~ 1 ) in local coordinates and does not depend on a chose of local charts on 
T up to equivalence of norms. 

Let us formulate the main result of the paper. 

Theorem 1. Let s < 0, and X s (Q) be an arbitrary Hilbert space imbedded continuously in 
V'(Q) and satisfying Condition l s . Then the elliptic boundary-value problem (1) possesses the 
following properties: 

(i) The set 

D% X (Q) := {u G C°°(n) : Au G X S (Q) } 
is dense in D s ^ x q (Q). 

(ii) The mapping u — > (Au, Bu) with u G D°£ x (£l) can be extended by continuity to the 
bounded linear operator (8). 

(iii) The operator (8) is Fredholm. Its kernel is N , and its range consists of all vectors 
(/, 9i, ■ ■ ■ , 9q) e X a (n, T) satisfying (5). 

(iv) If the set 0(X°°(Q)) is dense in H±(R n ), then the index of (8) is dimiV - dim iV+. 

Let us consider some applications of Theorem 1 caused by a particular choice of the space 
X s (Q). Evidently, the space X s (VL) := {0} satisfies Condition I s . In this case, Theorem 1 
describes properties of the semihomogeneous boundary- value problem (1) with / = and 
holds true for every s£l (also see [23]). 

All the Hilbertian Sobolev spaces satisfying Condition I s are found in the next theorem. 

Theorem 2. Let s < and a G R. The space X S (Q) := H a (Q) satisfies Condition l s if and 
only if 

(13) a > max{s, -1/2}. 

The next result follows from Theorems 1 and 2. 

Corollary 1. Let s < 0, and (13) be valid. Then the mapping u \— > (Au, Bu) with u G C°°( Q ) 
can be extended by continuity to the bounded and Fredholm operator 

q 

(14) (A, B) : {u G H s+2q (Q) : Au G H a (Q)} -> H a (Q) © ^+2^-1/2^^ 

3=1 

its domain being the Hilbert space with respect to the norm 

( IMI/fs + 29(n) + ll^ll^(Q)) ^ • 

The index of (14) is dimiV — dimiV + and independent of s, a. 

Here, we note the particular case where a = s. If — 1/2 < a = s < 0, then the domain of 
(14) coincides with the space H s+2q (Q) up to equivalence of norms. If a — s — —1/2, then the 
domain is narrower than i¥ 2,?_1 / 2 (f2) but does not depend on A as well (see Sec. 5.3 below). 

We always have X S (Q) C H~ l l 2 (Vt) in Theorem 2. But we can get a space X S (VL) containing 
an extensive class of some distributions / ^ H~ l l 2 (VL) and satisfying Condition l s if we use 
certain weighted spaces gH s (Q). 
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A function g given in Q is called a multiplier in the space H s (fl) if the operator of multi- 
plication by g maps this space into itself and is bounded on it. A description of the class of 
all multipliers in H S (Q) with s > was given in [33, Sec. 6.3.3]. 

Let s < —1/2. We introduce the following condition on the weight function g. 

Condition II S . The function g is a multiplier in the space H~ S (Q) 7 and 



Here, D v is the derivation operator with respect to the unit vector v of inner normal to 
the boundary T of Q. Note that if g is a multiplier in H~ S (Q), then evidently g G H~ s (fl). 
By the trace theorem [1, Ch. 1, Sec. 9.2], there is a trace (Dlg)\T G i/" 5 ^" 1 / 2 ^) for every 
integer j > such that — s — j — 1/2 > 0. Hence, Condition II S is formulated correctly. 

Theorem 3. Let s < —1/2, and a function g G C°°(f2) be positive. The space X S (Q) : = 
gH s (tt) satisfies Condition l s if and only if the function g satisfies Condition ll s . 

The next result follows from Theorems 1 and 3. 

Corollary 2. Let s < —1/2, and a positive function g G C 00 (f2) satisfy Condition ll s . Then 
the mapping u — > (Au, Bu) with u G C°°(Q), Au G gH s (Q) can be extended by continuity to 
the bounded and Fredholm operator 



(16) (A, B) : {ue H s+2q (n) : Au G gH s (tt)} -> gH s (Q) © H s+2q - m ^ l ' 2 {Y), 



The index of (16) is dimA^ — dimA + and independent of s, g. 

We give an important example of a function g satisfying Condition II S for fixed s < —1/2 
if we set g := g{, where gi meets (10), and the number 5 is such that 5 > — s — 1/2 G Z or 
5 > — s — 1/2 ^ Z (we will prove it in the appendix). 

Let us compare Theorem 1 and its Corollaries 1, 2 with the Lions-Magenes theorems [1, 3, 
4, 5] on elliptic boundary-value problems in the spaces of distributions. 

We restrict ourselves to the case of Hilbertian spaces, whereas the non-Hilbertian Sobolev 
spaces were considered in [3, 4, 5] as well. 

A proposition similar to Theorem 1 was proved in [5, Sec. 6.10] for non half-integers s < —2q 
and the Dirichlet problem, the space X s (f2) obeying some different conditions depending on 
the problem. Our Condition I s does not depend on it. 

Theorem LMi is a particular case of Corollary 1 where a = 0, i.e. X S (Q) = L 2 (f2). Note 
that some spaces X s (f2) containing L 2 (fl) are permissible in Theorem 2 and Corollary 1. The 
space X s (f2) = H^^iVt) is the most extensive among them provided that s < —1/2. If 
— 1/2 < a = s < 0, then Corollary 1 coincides with Theorem 7.5 of Lions and Magenes [1, 
Ch. 2] proved under the additional assumption that N = N + = {0}. 

Theorem LM 2 is a special case of Corollary 2 because the function g := g± s satisfies 
Condition II S . 



(15) 



D^g — on T for every j G Z, < j < — s — 1/2. 



its domain being the Hilbert space with respect to the norm 
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3. Auxiliary propositions 
First we note [1, Ch. 1, Theorem 11.5] that for every s > 1/2 

(17) H*(n) := {u G H s (n) : Dlu = on T V j G Z, < j < s - 1/2}. 
In addition [1, Ch. 1, Theorem 11.1] 

(18) H s (n) = H s (n) for < s < 1/2. 

Further we will use some results of Ya. A. Roitberg [13, 15] on properties of the problem 
(1) in the Hilbert scale 

(19) H s ' {2q \Q) := H s ' 2 ' {2q \Q), sGK, 

introduced by him. We also need some properties of this scale. 

Let us give the definition of the scale (19). Let sGl. In the case were s > we denote 
by if s '(°)(f2) the space H S (Q). In the case were s < we denote by H S '(°\Q) the space 
H-^(W n ) antidual to H~ s (£l) with respect to the inner product in L 2 (f2). The space H s '(°\£l) 
is Hilbert for every s G M, with the set C°°( Q ) being dense in it. Here as usual, the function 
/ G C°°( Q ) is identified with the functional (/, • )q. 

In view of (18) 

(20) H sm (n) = H s (n) with equality of norms for s > -1/2. 

If s < —1/2, then the spaces H s ^°\n) and H s (n) are different. 

Let s G R and s^j - 1/2 for all j = 1, . . . , 2q. We denote by H s ^ 2q \Q) the completion of 
the linear system C°°(f2) with respect to the norm 

II « \\h^i)(Q) ■= ( || U ||^ S ,(0)(Q) + ^2 W( D i~ lu )^ r \\H°-i+i/2(r) ) • 

The space H s,( - 2q \il) is separable Hilbert. 

In the case where s G {j — 1/2 : j = l,...,2q} we define the separable Hilbert space 
H 3 ^^) by means of the complex interpolation 

H s < 2q \n) := [H s - l ^ 2q \n),H s+1 ^ 2q \n)] l/2 . 

We note that by the trace theorem [1, Ch. 1, Sec. 9.2] 

(21) H s ' {2q \Q) = H S (Q) with equivalence of norms for s > 2q - 1/2. 

The spaces H s ^ 2q \n) and F s (fi) are different if s < 2q - 1/2. 

The imbeddings H s ^°\fl) H S ^(Q) and H s ^ 2q \fl) H s ^ 2q \fl) are compact and 
dense for arbitrary si, s 2 G K, Si < s 2 . This follows from the compactness of the imbeddings 
£P 2 (ft) # Sl (ft) and F S2 (r) # Sl (r) . 

Proposition 1 ([15], Theorems 4.1.1, 5.3.1). Let sGR. The mapping u \— > (Am, 5m) mi/z 
■u G C°°(ft) can be extended by continuity to the linear bounded operator 

<? 

(22) (A,B) : H s+2q > (2q \Q) -> # s ' (0) (ft) © if«+2«-m,-i/2( r ) =; ft s(0) (^ r ). 

27iis operator is Fredholm. Its kernel coincides with N , whereas its range consists of all vectors 
(/, <7i, • • • ,g q ) G H s ^o)(Q,T) satisfying condition (5). The index of (22) is dimiV — dimiV + . 
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Proposition 1 is another example of the generic theorem on elliptic boundary- value prob- 
lems. If s > 0, then Proposition 1 coincides with Theorem by (21). But if s < —1/2, then 
both the spaces H s+2q '^(Q) and H s >^{Vt) = H^(R n ) consist of the elements which are not 
distributions in the domain Q. 

Proposition 2 ([15], Theorem 7.1.1). Let s G R, 5 > 0, and u G H s+2q ^ 2q \Vt). If {A, B)u G 
n s+s ,( )(fl,r), then u G H s+2q+5 >™{Q) . 

Proposition 3 ([15], Theorem 6.1.1). Let s G M. The following assertions are true: 

(i) The norm in the space 

H s+2q,{2q)(fy is equivalent to the norm 

(23) ( || U 1 1 # S +2q,(0)(n) + ll^ M ll/p,(0)(n)) 

on the set of all functions u G C°°(Q). Therefore the space H s+2q ^ 2q \VL) coincides 
with the completion of the linear system C°°(f2) with respect to the norm (23). 

(ii) The mapping I a '■ u i— > (w, Au) with u G C°°(Q) can be extended by continuity to the 
homeomorphism 

j a . H s + 2 q ,(2 q){Q) ^ K s+2q , A (Q). 

Here, 

K s+2q , A {n) := { (u ,f) : u G H s+2q ^(Q), f G H S + \Q), 

(24) (u ,A+v) n = (f,v) n V v G H 2 ^^) n H-^°\Q) } 

is a closed subspace in H s+2q > (0 \tt) © H s >^(tt). 

Proposition 4 ([15], Theorem 6.2.1). Let s < —2q — 1/2. For each couple of distributions 
u G H s+2q >(°\Q) and f G H s >(°\tt) satisfying the condition 

(25) (u ,A + v)n = (f,v) n for all v G C£°(J1), 
i/iere exists a unique couple (uq, f) G K s+2q) A(Q) such that 

(26) K«)n = /or a// 1/6^(0). 

1 /2 

( 27 ) ll M ollH«+ 2 9,(0)(n) < C ( ||Uo||ff.+2,,(0) ( n) + ll/ll^,(0)(n)) , 

with number c > 5em(/ independent of Uq, f , and Uq. 

Remark 1 ([15], Sec. 6.2). The conditions (24) and (25) are equivalent for s > — 2q— 1/2, but 
they are not equivalent if s < —2q — 1/2. 

4. Proof of the main result 

Now we will prove the main result of the paper, Theorem 1. We assume that its condition 
be fulfilled; i.e., s < and the Hilbert space X S (Q) is imbedded continuously in V'(Q) and 
satisfies Condition I s . It follows that the mapping / i— > Of with / G X°°(fl) can be extended 
by continuity to the bounded linear operator 

(28) O : X S (Q) -> H±(R n ) = H S ' {0) (Q). 
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This operator is injective. Indeed, let Of = for a distribution / G X S (Q). Chose a sequence 
U'k) C X°°(ft) such that f k -> / in X s (ft) £>'(ft). Then 0/ fc -> in H±{R n ) S'(R n ) 
that implies 

(/, v) n = lim(/ fe , u) n = lim(<9/ fc , u) n = for every v G C °°(^)- 

Thus, / = as a distribution belonging to X S (Q) <^-> P'(ft); i. e., the operator (28) is injective. 
This operator defines the continuous imbedding X s (Q) H S ^°\Q). 

According to Proposition 1, the element Au G H S '^(Q) is correctly defined for an arbitrary 
u G H s+2q ^ 2q \Vt) by means of passing to the limit. We set 

D s + X q > (2q \tt) :={ue H s+2q ' (2q) {Q) : Au G X S (Q) }. 
We also endow the space D s ^ x q '^ 29 \Q) with the graphics inner product 

(Ul, U 2 ) D s+2q,(2q)^ (u 1 , U 2 ) H s + 2q, (2q) (Q) + ( Au X , Au 2 ) X s (Q) ■ 

The space D^ + ^ 9 '^(fi) is complete with respect to it. Indeed, let («&) be a Cauchy sequence 
in D^' (2g) (ft). Since both the spaces H s+2q ^ 2q \Q) and X s (tt) are complete, the limits 
u := limwfc in H s+2q ^ 2q \fl) and / := limAu fc in X S (Q) exist. The first of them implies that 
Au = lim Auk in H S '(°\Q). We have from this in view of the second limit and the continuity 
of (28) that Au = f G X s (ft). Hence, w G D^' (29) (ft) and limw fc = u in D^?' (2,) (ft); i.e., 
the space D^- 9 '^(ft) is complete. 

By Proposition 1, the restriction of the operator (22) to D s Ax q, ^ 2q \Q) gives the bounded 
operator 

(29) (A,B): D s A ^ 2q) (Q)^X s (Q,F). 

The kernel of (29) is N, and the range consists of all vectors (f,gi, ■ ■ ■ ,g q ) G X S (Q,F) sat- 
isfying condition (5). Hence, the operator (29) is Fredholm, with its co- kernel being of a 
dimension (3 < dimA^ + . 

Moreover, if 0(X°°(Q)) is dense in H^(M. n ), then (3 = dimA^ + . Indeed, denoting the 
operator (22) by A and the narrower operator (29) by A , we consider the operators A* and 
Aq adjoint to them. Since the imbedding X S (Q,F) 7i S! ^(Q,F) is continuous and dense, 
we have ker Aq D ker A* . Hence 

(3 = dimcoker A = dim ker Aq > dim ker A* = dimcokerA = dimA^ + . 

Therefore (3 = dimN + and the index of (29) is equal to dimN - dimN + if 0(X°°(Q)) is 
dense in H^{R n ). 

Let us show that the set D% x (tt) is dense in D s A + 2q ' {2q) (Q) . Since X°°(ft) x (C°°(F)) q is 
dense in X s (fl,F) 7 we can write by the Gohberg-Krein lemma [34, Lemma 2.1] 

(30) X S (Q,F) = (A,B)(D% 2 x q > {2q \n)) + Q(Q,T), 
where Q(ft, F) is a finite-dimensional subspace satisfying the condition 

(31) Q(n, F) c X°°(ft) x (C°°(F)) q . 

Denote by n the projector of the space X S (Q,F) onto the first term in (30) parallel to the 
second term. 
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Let u G D s ^ 2q ' (2q \tt). Approximate F := (A, B)u by a sequence (F k ) C X°°(ft) x (C°°(r))« 
in the the topology of X S (Q, T). We have 

(32) limlLFfc = UF = F = (A,B)u in X S {Q,T), 
and by (31) 

(33) (UF k ) C X°°(ft) x (C 00 ^)) 9 

The Fredholm operator (29) naturally generates the topological isomorphism 
A := (A, B) : D s + 2q > (2q) (Q) / N <-> n(*,(fi, T)). 

In view of (32), 

lim Aq 1 TlF k = {u + w.w e N} in D s + 29 ' {2q] '(ft) / 'N ". 
Hence, there is a seguence of representatives u k G i^j^'^^ft) of cosets Aq 1 IIFfc such that 

(34) \mvu k = u in Dj?' (2g) (ft). 
In addition, by (33) we have 

(A,B)u k = UF k e C°°(ft) x (c°°(r))«. 
It follows in view of Proposition 2, equality (20) and the Sobolev imbedding theorem that 

u k G p| # s+2(?+<5 '^(ft) = H H s+2q+s (Q) = C°°(ft). 

8>0 5>0 

Thus, in (34) we have (u k ) C £>^ x (ft); therefore D% X (Q.) is dense in D s + 2q ' (2q) (tt) . 

Next, we will consider the cases — 2q — l/2<s<0 and s < — 2q — 1/2 separately. 

The first case: -2g - 1/2 < s < 0. Then if s+2 ^°)(ft) = H s+2q (Q) in view of (20). We 
use Proposition 3 and consider the mapping I : u i— > w in which w G Z)^j^ 2 ^(ft) and 
(m , /) := IaU- This mapping establishes the homeomorphism 

(35) J : D«*>™(n)~D%?(Sl). 

Indeed, note that (24) (25) for arbitrary u G H s+2q ^(n) = H s+2q (tt) and / G X s (ft) 
iP'(°)(ft) (see remark 1). Condition (25) means that Au = / as distributions in ft. It follows 
by Proposition 3 that Io(D s ^~ x q ^ 2q \Q)) = D s ^~ x q (Q). Moreover, we have the equivalence of the 
norms: 



X ll M o|ljU+2q,(0)(Q) + ||/||^,(0)(n) + 

Hence, the mapping I establishes the homeomorphism (35). 

It follows from properties of the operator (29) denoted by A and the operator (35) that 

(36) Ao/q" 1 : Z^(ft)^* s (ft,r) 

is a bounded and Fredholm operator, with the range and index being the same as for (29). 
Since Jq bijectively maps the set D^ X (Q) onto itself, this set is dense in D^ x q (fl), and (36) 
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is an extension by continuity of the mapping u — > (Au, Bu) with u G D^ x {0). Theorem 1 is 
proved in the first case. 

The second case: s < -2q - 1/2. Then H s+2q ^ \Q) = H^ +2q (R n ). In addition 

(37) H s+2q (ft) = { w r ft : w G ^ +29 (R n ) } , 

(38) |K||i?«+29(Q) = inf { ||w|| ffs +2 9 ( R n) : w G H^~ 2q (R n ), w = u in ft }. 

This follows immediately from the equality H s+2q (Q) = H^ 2q (R n ) / H^ +2q (R n ) mentioned in 
Section 2. 

Let us denote Rw := w \Q for w G <S'(R n ). We will prove that the mapping Jo : u i— > -R«o 
with u G D^- 9 '^(ft) and (uq, f) := i^u establishes the topological isomorphism (35) in 
the case under consideration. (In the first case, Ruq = uo.) We use Proposition 3 and note 
that (24) => (25). For an arbitrary u G D s A +2q ' (2q) (Q) , we have: Ru G H s+2q (Q) (see (37)), 
/ = Au G X s (ft), and 

(Ru ,A + v)n = (u ,A + v)n = (f,v)n for every v G C °°(ft); 

i. e., A_Rm = / as distributions in ft. Therefore Iqu = Ruq G D s A + ^(n). Moreover, in view of 
(38) and the definition of H s+2q ^ 2q \Vt) we have: 

ll^o^|| D ^+29(Q) = ll-R M o||^+ 2 9(n) + ll/llx«(n) 

< || m o||h s + 2 9(r™) + ^ II^IId^'^^)' 

Hence, the operator I : ^^'^(ft) -> £>^(ft) is bounded. 

Now we will show that this operator is bijective. Let u; G D^ + ^ 9 (ft) and / := Au G X s (ft). 
Due to (37), there is a distribution u G H^~ 2q (R n ) such that uj = Ru . Distributions u and 
/ satisfy condition (25) because 

(u , A + v) n = (u, A + v) n = (f, u)n for every u G C °°(ft). 

According to Proposition 4, for w G H s+2q '^(Q) and / G X s (ft) H S > (0 \Q) there exists 
a unique couple (u^, f) G i^ s+ 2 g ,A(ft) such that condition (26) is fulfilled. This implies by 
Proposition 3 that 

u* := Ia\u* , f) G D s ^ 2q ' {2q) (Q), and I u* = Ru* = Ru = UJ. 

The element u* is a unique preimage of uj in the mapping I . Indeed, if Iqu' = uj for some 
u' G D A + ^ 2q \0), then the couple (u' , /') := i^u' G -ft' s +2< ? ,yi(ft) satisfies the following condi- 
tions: 

/' = ARu'q = Auj = f and (u' , v) n = (uj, v) n = (u , v) a V v G C °°(ft). 

Therefore by Proposition 4, the couples (u' , /') = (w , /) and (mq, /) are equal that implies 
the equality of their preimages u' and u* in the mapping I a- 

Thus, the linear bounded operator (35) is bijective in the case examined and therefore is a 
topological isomorphism by the Banach theorem on inverse operator. Now using the Fredholm 
property of (29) and reasoning as in the first case, we complete our proof in the second case. 

Theorem 1 is proved. 
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5. Proofs of Theorems 2, 3, and corollaries 

5.1. Proof of Theorem 2. By the condition, s < 0, a G M, and X s (tt) := H a (tt). Then 
the set X°°(fi) = C°°(Tl) is dense in the space H a {Vt). 

Sufficiency. Let (13) be fulfilled, i.e. a > max{s, —1/2}. Then by (20) we have 

with the imbedding being continuous. We remind that each function / G C°°( Q) is identified 
with the functional (/, • )q, the last being identified with the function Of from the space 
H^(R n ) = if«'(°)(ft). Hence 

||0/||jf.(R»)<c ||/||^ ( n) for every feC°°(G), 

with number c > being independent of/. Sufficiency is proved. 

Necessity. Let X S (Q) := H a (Q) satisfy Condition I s . We assume that a < 0. (If 
a > 0, then (13) holds true). The operator (28) establishes the continuous dense imbedding 
H a {tt) ^ H s >(°\tt). This implies that 

we denoting by H' the space antidual to H with respect to the inner product in L 2 (£i). Hence, 
— s > —a. Moreover — a < 1/2, because if —a > 1/2, then the function / = 1 6 H~ s (fl) 
would not belong to ifo~ CT (f2) by virtue of (17). Thus, a satisfies (13). Necessity is proved. 

5.2. Proof of Corollary 1. Let numbers s < and a satisfy inequality (13). The bounded- 
ness and the Fredholm property of (14) follow immediately from Theorems 1 and 2 in which 
X s (tt) := H a (tt) and D% X (Q) = C°°(U). Moreover, since the set 0(C°°(U)) identified with 
C°°(n) is dense in H^(R n ) = H S +°\Q), the index of (14) is equal to dimiV - dimiV + by 
Theorem l(iv) and therefore independent of s, f. 

5.3. Remark to Corollary 1. Here we consider the special case of Corollary 1 where —1/2 < 
a = s < 0. In this case the domain of the operator (14) does not depend on A. Indeed, if 
— 1/2 < a = s < 0, then we have the bounded operator A : H s+2q (Q) — > H S (Q) because s is 
not half-integer [1, Ch. 1, Proposition 12.1]. It follows that the domain of (14) coincides with 
H s+2q (Q) and therefore does not depend on A. 

If s — a — —1/2, we cannot reason as above because the space H^^iVt) is narrower than 
A(H 2q ~ 1 / 2 (Q)). However, in view of Theorem l(i), equality (20), and Proposition 3 we draw 
a conclusion that the domain of (14) is the completion of the set of all u G C°°(Q) with 
respect to the norm 

\\U 1 1 #2,-1/2 (ft) + 1 1 ^ 1 1 tf- 1/2 (ft) — |M|#2 9 -1/2,(0)(Q) + II^MIi?--l/2,(0)(n) X 1 1 U 1 1 #2,-1/2,(2,) (ft) . 

Hence, the domain coincides with the space H 2q -^ 2 ' < - 2q \Q) independent of A. 

5.4. Proof of Theorem 3. By the condition, s < —1/2 whereas g G C°°(f2) is positive. Let 
us denote by M e and M g ~i the operators of multiplication by g and g~ l respectively. We 
have the isometric isomomorhism M e : H s (Vt) <-> gH s (Q). It follows from this and from the 
density of C °°(fi) in H S (Q) that the set C °°(fi) is dense in X S (Q) := gH s (Q). Hence, the 
more extensive set X°°(Q) is dense in X s (Q). 

We need the following lemma. 
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Lemma 1. Let s < —1/2. The multiplication by g G C°°(fi) is a bounded operator 

(39) M e : #- s (fi) -> H s (n) 
if and only if g satisfies Condition ll s . 

Proof. Necessity. If the multiplication by g defines the bounded operator (39), then g is a 
multiplier in H~ S (Q) and belongs to Hq s (Q). Therefore g satisfies Condition II S in view of 
(17). 

Sufficiency. Let g satisfy Condition IL,. We only need to prove that gu G H S (Q) for every 
u G H~ S (Q). Condition II A , implies that g G Hq S (Q) in view of (17). We chose sequences 
(u k ) C C°°(VL) and (qj) C C£°(tt) such that Uk — > u and qj — > g b H~ s (£l). Since both the 
functions £> and Uk are multipliers in the space H~ S (Q), we have therein 

lim (guk) = gu and lim (gjUk) = guk for every k. 

This in view of gjUk G C^(fl) implies that gu G Hq s (Q). Sufficiency is proved. □ 
Now let us define the following space with inner product: 

g-'H^in) := {/ = g-\ : v G H ~ S (Q) }, 

(A, f2) g -i H - s (n) '■= (eh, Qh)H-°{n)- 
We have the isometric isomorphism 

(40) M e -i : H ~ s (n) <- g-'H-^Q). 

Hence, the space ^ _1 ifJ" s (fi) is complete, with C^(Q) being dense in it. 
Note that 

(41) (q^Hq^Q))' = gH s (tt) with equality of norms. 
Indeed, passing in (40) to adjoint operator, we get the isometric isomorphism 

M e -i : (g-'H^m' <- (H s (n))> = H S (Q). 

This by the definition of gH s (Q) implies the isometric isomorphism 

I = M e M e -, : (q- 1 Ho 8 (SI))' <- gH s (Q), 

where / is the identity operator. Thus, (41) is proved. 

Now we can complete the proof of Theorem 3 in the following way. According to Lemma 1, 
Condition II S is equivalent to the boundedness of the operator (39) that by (40) is equivalent 
to the continuous imbedding H~ S (Q) <^-> q^Hq 3 ^). This imbedding is dense and by (41) is 
equivalent to the continuous dense imbedding 

gH s (Q) = (g-'H^iQ))' (H-(Q))' = H±(R n ). 

Finally, the imbedding gH s (Q) H^(M. n ) is equivalent to Condition l s . Note that the last 
imbedding is dense because Cq°(Q) is dense in H^(R n ) [32, Sec. 4.3.2, Theorem 1(b)]. Thus, 
Conditions II S and l s are equivalent for X S (Q) = gH s (Q). 
Theorem 3 is proved. 
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5.5. Proof of Corollary 2. Let s < —1/2, and a positive function g G C°°(f2) satisfy 
Condition II S . The boundedness and Fredholm property of the operator (16) follow from 
Theorems 1 and 3 with X S (Q) := gH s (Q). In addition, since the set 0(X s (Q)) is dense in 
H^W 1 ), Theorem l(iv) implies that the index of (16) is dim N — dim N + and independent 
of s, g. 

The author would like to thank Yu. M. Berezansky and V. A. Mikhailets for their valuable 
remarks and interest in this work. 

Appendix 

A.l. In the appendix we will prove the following proposition, which gives an important ex- 
ample of the function satisfying Condition ll s . 

Proposition A. Let a number s < —1/2 and a function g\ satisfying condition (10) be given. 
Assume that 5 > —s — 1/2 G Z or 5 > —s — 1/2 ^ Z. Then the function g := g{ satisfies 
Condition II S . 

A. 2. Proof of Proposition A. Condition (15) is fulfilled for the function g — g\ because 
gi = on T, and 5 > —s — 1/2. Therefore we only need to prove that g{ is a multiplier in the 
space H~ s (fl). If the positive number S is integer, then the function g{ belongs to C°°{VL) and 
therefore is a multiplier in H~ s (Vt). Further we assume that 5 ^ Z. Then by the condition, 
5 > -s - 1/2. 

It is not difficult to verify that the function r)s(t) := t 5 , < t < 1, belongs to H~ s ((0, 1)) 
(we will do it in the next subsection). Hence, this function has an extension from the interval 
(0,1) to R pertaining to H~ S (M,). Let us retain the notation rjs for the extension. By the 
Strichartz theorem [35], [33, Sec. 2.2.9], every function from the space H~ S (M.) is a multiplier 
therein if — s > 1/2. Hence, rjs is a multiplier in H~ S (M,). Then [33, Sec. 2.4, Proposition 5] the 
function r}$ !n (t',t n ) := i]s(t n ) of arguments t! G R n_1 , t n G K. is a multiplier in H~ s {R n ). This 
function coincides with g{ in the special local coordinates (x',t n ) near the boundary T. Here, 
x' is a coordinate of a point on T, and t n is the distance from Y. It follows by [33, Sec. 6.4.1, 
Lemma 3] that g\ is a multiplier in each space H~ S (Q n Vj), where {Vj : j — 1, . . . , r} is a 
finite collection of balls in M. n with a sufficiently small radius e, and the collection covers the 
boundary T. By supplementing this collection with the set V := {x G Q : dist(x, T) > e/2}, 
we get the finite open covering of the closed domain Q. Let certain functions Xj £ Co°(Vj)> 
j = 0, 1, . . . ,r, form the partition of unity on f2 corresponding to this covering. Since the 
multiplication by a function from C£°(V}) is a bounded operator in the space H~ S (Q n Vj), 
the function XjQi nas to be a multiplier in this space and therefore in H~ S (Q). Hence, 
=oXjQi is a multiplier in H s (fi). 

It remains to proof that r/s G H~ s ((0, 1)). We use the inner description of the space 
H~ s ((0, 1)). If -s G Z, the inclusion r) S G H~ s ((0, 1)) is equivalent to that f] S G L 2 ((0, 1)) 
and ryf G L 2 ((0, 1)). The last two inclusions are fulfilled because 5 > — s — 1/2. Hence, 
r/s G H~ s ((0, 1)) in the case examined. If — s Z, then by [36, p. 214, Sec. 7.48] the inclusion 
r) S G H' s ((0, 1)) is equivalent to that f] S G H^ s \(0, 1)) and 
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Here as usual, [— s] and {— s} are the integral and fractional parts of — s respectively. Since 
5 > [—s] — 1/2, we have r]s £ H^-~^((0, 1)), that was proved above. In addition, inequality (42) 
holds true by virtue of the following elementary lemma, which we will prove in Subsection A. 3. 

Lemma A. Let a,f3, 7 G K, and in addition, a ^ 0, 7 > 0. Then 

f 1 f 1 \t a — T a l 7 

(43) i"(a, /3, 7) := / / -^dtdr< 00 

Jo Jo \t-T\1 3 

if and only if the following inequalities are fulfilled: 

(44) aj-/3>-2, 7-/9>-l, cry > -1. 

Indeed, the double integral in (42) is equal to cl(a,f3, 7), where c is a positive number, 
whereas a = 5 — [s], (3=1 + 2{— s}, and 7 = 2. Equalities (44) are fulfilled for these 
numbers a, j3, and 7, because 

cry-/3 = 2(5 + s) - 1 > -2, 7-/3 = 1 -2{-s} > -1, 07 = 2(5 - [s]) > -1. 

We have used the condition 5 > —s — 1/2 in the first and the third inequalities. Thus, the 
inclusion r)$ G H~ s ((0, 1)) is also valid in the case of non-integer s < —1/2. 
Proposition A is proved. 

A. 3. Proof of Lemma A. Changing the variable A := r/t in the inner integral, we can 
write the following in view of evident transformations: 

Here, the integral in variable t is finite if and only if 0:7 — (3 > —2, whereas the integral in r is 
finite if and only if both the inequalities 0:7 > —1 and 7 — (3 > — 1 hold. Hence (43) <^ (44), 
which is what had to prove. 
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